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2I. INTRODUCTION
Numerous astrophysical observational programs [1–3] point to the convincing conclusion that
our Universe is expanding with acceleration. The leading candidate behind this novel expansion
is named as ‘dark energy’. The two main characteristic behaviors of dark energy are: (i) it has
negative pressure, (ii) it violates one of the four energy conditions. The attempts to study dark
energy had led to the formulation of various effective field theories. One of such theories is gravity
coupled to both linear electromagnetism and a phantom dilatonic field the kinetic energy term of
which has the ‘wrong’ sign. This is the so-called Einstein–Maxwell–anti-dilaton theory (EMD¯).
Spherically symmetric dilaton black hole solutions were discussed in [4–9]. Gibbons and Rasheed
derived a family of black hole solutions to the enlarged class of Einstein–Maxwell–dilaton theories
including EMD, EM¯D, EMD¯, and EM¯D¯ [10]. For short we will call it EMD theory. Their results,
giving rise to new structure of black holes, called phantom black holes, were further studied in
Refs. [11–13]. Regular phantom black holes have been discussed in Ref. [14], in the absence of a
cosmological constant, and in Ref. [15], in the presence of a cosmological constant.
The purpose of the present work is to formulate a rotating black hole solution of a static EMD
black hole. Many methods have been developed in theory to compute rotating solutions from static
ones and the most widely known method is the Newman–Janis algorithm and its generalizations.
After the mathematical formulation of Kerr black hole [16], Newman and Janis [17] proposed a
technique based on certain complex transformations through which the Kerr metric can be easily
computed. In the same year, the Kerr-Newman black hole solution was determined using this
technique [18]. Afterwards the Newman–Janis algorithm received a lot of fame and became a
powerful tool for seeking rotating black hole solutions from their respective static counterparts.
Though this formalism was analyzed very critically and was referred to as a ‘trick’ by some work-
ers. Soon later it was shown how this algorithm is mathematically correct [19, 20]. With time
the Newman–Janis algorithm evolved and some ambiguities associated with this method were re-
moved [21]. Recently the algorithm has been used in its most general form in Ref. [22] providing
the reader with prescriptions for obtaining the other fields associated with the rotating metric. To
compute the rotating metric for normal or phantom static EMD black hole we have followed the
Newman–Janis formalism along with the modification suggested in Ref. [21].
The structures of the horizons and ergosphere are discussed and it is found that the increase in
the value of the rotational parameter a affects the shape of the black hole. The singularities of the
metric for both the cosh and sinh solutions are discussed. We have also observed that the area and
3entropy of the rotating phantom black hole depends on the coupling parameters of the (enlarged)
EMD theory.
The geometry of the gravitational source can be well exhibited through studying its essential
features, one such feature is geodesic motion around the gravitating body. Immense work has been
done on studying geodesic motion of particles, both massive and photons, around black holes. A
comprehensive study of static (Schwarzschild), charged (Reissner–Nordstro¨m) and rotating (Kerr)
black holes have been provided by Chandrasekhar [23], where he has utilized Lagrangian and
Hamilton–Jacobi approaches to analyzed both time-like and null geodesics. Following the La-
grangian approach we have also investigated null and time-like geodesics for our rotating black
hole metric.
This paper is section-wise organized. Section II is a brief review of normal and phantom EMD
black holes, in which we recall the static spherically symmetric EMD black hole solution derived in
Ref. [12]. In Sec. III, we present a rotating version of static spherically symmetric EMD black holes
and in Sec. IV we discuss their physical and geometric properties. The null and time-like geodesic
motion in equatorial plane is considered in Sec. V along with the study of effective potential. The
Lense–Thirring effect is discussed in Sec. VI. The results are summarized in Sec. VII.
II. NORMAL AND PHANTOM BLACK HOLES IN EMD THEORY
The Einstein–Maxwell–dilaton action is given by [12]
S =
∫
d4x
√−g
[
R− 2η1gµν∇µϕ∇νϕ+ η2e2λϕFµνFµν
]
, (1)
where R represents the scalar curvature, ϕ is the dilaton field, Fµν is the electromagnetic field
tensor, and λ stands for a coupling parameter. The nature of the fields depend on the constant
parameters η1 and η2: Normal EMD corresponds to η2 = η1 = +1, while phantom couplings of the
dilaton field or/and Maxwell field are obtained for η1 = −1 or/and η2 = −1 yielding the theories
EMD¯ (η2 = +1, η1 = −1), EM¯D (η2 = −1, η1 = +1), and EM¯D¯ (η2 = −1, η1 = −1).
Normal and phantom static black hole solutions in EMD theory were derived in Ref. [12] and
are given by
ds2 = f(r)dt2 − dr
2
g(r)
− h(r)dΩ2, (2)
4where
f(r) = g(r) =
(
1− r1
r
)(
1− r2
r
)γ
, (3)
h(r) = r2
(
1− r2
r
)1−γ
, (4)
and
λ± = 1± η1λ2, γ = λ−
λ+
∈

(−∞,−1) ∪ [1,∞) if η1 = −1
(−1, 1] if η1 = +1
. (5)
The two horizons of this black hole are given by
r1 = M +
√
M2 − 2η2γq
2
1 + γ
, r2 =
2η2q
2
(1 + γ)r1
=
1
γ
(
M −
√
M2 − 2η2γq
2
1 + γ
)
, (γ 6= 0), (6)
r1 = 2M, r2 =
η2q
2
M
, (γ = 0), (7)
with the conditions
r2 < 0 < r1 for
η2
1 + γ
< 0, (8)
0 < r2 ≤ r1 for η2
1 + γ
> 0 and M2 ≥ 2η2γq
2
1 + γ
, (9)
0 = r2 < r1 = 2M for η2q
2 = 0. (10)
Here M is the mass and q is the electric charge of the black hole. The cosh and sinh solutions aree
defined by
η2(1 + η1λ
2) =
2η2
1 + γ
< 0 for cosh solution, (11)
η2(1 + η1λ
2) =
2η2
1 + γ
> 0 for sinh solution. (12)
The cosh solution has no extremal black hole. The sinh solution has an extremal black hole if
subjected to the constraints: 2M2 = η2(1 + γ)q
2 and η2 = +1. When this is the case, the extremal
black hole has a double horizon at rext = 2M/(1 + γ).
The associated electromagnetic F and scalar Φ fields are given by
F = − q
r2
dr ∧ dt , e−2λΦ =
(
1− r2
r
)1−γ
. (13)
The above solution is a family of static, spherically symmetric and asymptotically flat black
holes. Our next aim is to formulate a rotating counterpart of the metric (2).
5III. DERIVATION OF ROTATING NORMAL AND PHANTOM BLACK HOLES
WITHOUT COMPLEXIFICATION
The first step of the Newman–Janis algorithm is to transform from Boyer–Lindqiust coordinates
(t, r, θ, φ) to Eddington–Finkelstein coordinates (u, r, θ, φ). On applying the coordinate transfor-
mation dt = du+ dr/
√
f(r)g(r) to Eq. (2) we obtain
ds2 = f(r)du2 + 2
√
f(r)
g(r)
dudr − h(r)dθ2 − h(r) sin2 θdφ2. (14)
This metric can be represented in terms of null tetrads [21]
gab = lanb + lbna −mam¯b −mbm¯a, (15)
where
la = δar ,
na =
√
g(r)
f(r)
δau −
g(r)
2
δar , (16)
ma =
1√
2h(r)
(δaθ +
ι˙
sin θ
δaφ).
These null tetrads satisfy the following conditions
lala = n
ana = m
ama = m¯
am¯a = 0,
lama = l
am¯a = n
ama = n
am¯a = 0, (17)
lana = −mam¯a = 1.
Now we apply the second step of the Newman–Janis algorithm which consists in performing the
complex coordinate transformation in the ur-plane
u′ → u− ι˙a cos θ,
r′ → r + ι˙a cos θ, (18)
where a is the rotational parameter.
The third step of the Newman–Janis algorithm consists in complexifying the radial coordinate
r: There are as many ways to complexify r as one wants and this is very ambiguous as shown in
Ref [21]. One of us has resorted to a new procedure [21, 24] by which one drops the complexifi-
cation step of the Newman–Janis algorithm. The procedure has known applications in a series of
papers [25–35].
6In the new procedure we admit that δµν , in Eq. (16), transform as a vector under the transfor-
mation (18) and that the functions f(r), g(r) and h(r) transform to F = F (r, a, θ), G = G(r, a, θ)
and H = H(r, a, θ) respectively. Thus our new null tetrads are
la = δar ,
na =
√
G
F
δau −
G
2
δar , (19)
ma =
1√
2H
[(δau − δar )ι˙a sin θ + δaθ +
ι˙
sin θ
δaφ].
Using these null tetrads, the contravariant components of the rotating metric are given by Eq. (9)
of Ref. [21], which we rewrite using the notation of the present work (the correspondence between
the two notations Ref. [21] → present work is: G(r) → f(r), F (r) → g(r), and H(r) → h(r) for
the nonrotating solution and A(r, θ) → F (r, θ), B(r, θ) → G(r, θ), and Ψ(r, θ) → H(r, θ) for the
rotating solution)
guu =
−a2 sin2 θ
H
, guφ =
−a
H
, gur =
√
G
F
+
a2 sin2 θ
H
,
grr = −G− a
2 sin2 θ
H
, grφ =
a
H
, gθθ =
−1
H
, gφφ = − 1
H sin2 θ
.
So our new metric in Eddington–Finkelstein coordinates is [Eq. (10) of Ref. [21]]
ds2 = Fdu2 + 2
√
F√
G
dudr + 2a sin2 θ
(√F√
G
− F
)
dudφ
− 2a sin2 θ
√
F√
G
drdφ−Hdθ2 − sin2 θ
[
H + a2 sin2 θ
(
2
√
F√
G
− F
)]
dφ2. (20)
The final but crucial step is to bring this form of the metric to Boyer–Lindquist coordinates by a
global coordinate transformation of the form
du = dt+ λ(r)dr, (21)
dφ = dφ′ + χ(r)dr,
where [21, 24]
λ = − a
2 + k(r)
a2 + g(r)h(r)
, χ = − a
g(r)h(r) + a2
, k(r) =
√
g(r)
f(r)
h(r). (22)
Since the function F , G, and H are still unknown, one can fix some of them to get rid of the cross
term dtdr in the metric. This is generally not possible in the usual Newman–Janis algorithm since
these functions are fixed once the complexification of r is performed and there remains no free
parameters or functions to act on to achieve the transformation to Boyer–Lindquist coordinates.
7Now, if we choose [21, 24]
F =
(
g(r)h(r) + a2 cos2 θ
)
H
(k(r) + a2 cos2 θ)2
, G =
(
g(r)h(r) + a2 cos2 θ
)
H
, (23)
the rotating black hole solution in Boyer–Lindquist coordinates turns out to be in its generic form
of the Kerr-like metric [Eq. (16) of Ref. [21]]
ds2 =
H
k + a2 cos2 θ
[(
1− σ
k + a2 cos2 θ
)
dt2 − k + a
2 cos2 θ
∆
dr2
+
2aσ sin2 θ
k + a2 cos2 θ
dtdφ− (k + a2 cos2 θ)dθ2 − [(k + a
2)2 − a2∆ sin2 θ] sin2 θ
k + a2 cos2 θ
dφ2
]
, (24)
where
σ(r) ≡ k − gh, ∆(r) ≡ gh+ a2, (25)
and to simplify the notation we have dropped the prime from φ.
Now, by a straightforward application we generate the rotating counterpart of the EMD static
metric (2) where f(r) = g(r). This implies k(r) = h(r) (22). The function H(r, θ, a) is still
arbitrary in (24) and this can be chosen so that the cross term of the Einstein tensor Grθ, for a
physically acceptable rotating solution, identically vanishes: Grθ ≡ 0. The latter constraint yields
[Eq. (19) of Ref. [21]]
(
h+ a2y2
)2 (
3H,rH,y2 − 2HH,ry2
)
= 3a2h,rH
2, (26)
where y ≡ cos θ. It is easy to see that the particular expression of H,
H = h(r) + a2y2 = h(r) + a2 cos2 θ, (27)
is a solution to the partial differential equation (26). This particular expression of H yields F =
G (23) and the rotating version of the phantom static black hole acquires the form [Eq. (24) of
Ref. [21]]
ds2 =
(
1− σ
H
)
dt2 + 2a
σ
H
sin2 θdtdφ− H
∆
dr2 −Hdθ2 − sin2 θ
[
h+ a2 + a2
σ
H
sin2 θ
]
dφ2, (28)
where H is given by (27), σ = h(1 − f), and ∆ = fh + a2 (25). These latter expressions are
expressed in terms of the roots r1 and r2 (6, 7) and h(r) (4) as
∆(r) = fh+ a2 = r2 − (r1 + r2)r + r1r2 + a2, (29)
σ(r) = h(1− f) = h(r) + (r1 + r2)r − r1r2. (30)
8The metric (28) reduces to the Kerr solution for γ = 1 and q = 0 and to the normal and phantom
Kerr–Newman metric for γ = 1, q 6= 0, and η2 = +1 or η2 = −1, respectively. Despite the fact
that metric (28) describes rotating normal and phantom EMD black holes, for future references,
we refer to it, for short, as rotating phantom black hole (RPBH).
In order to determine the electromagnetic and scalar fields of the rotating solution one has to
solve the field equations (Eqs. (2.2, 2.3, 2.4) of Ref. [12]) using the metric (28), (29) and (30) as an
ansatz. For that end one may use decomposition methods [36–38], a task postponed to a subsequent
paper. Using continuity arguments one may claim that solutions for the electromagnetic and scalar
fields exist anyway even in non-closed forms. In fact, since for γ = 1, the metric (28), (29) and (30)
provides three exact solutions to the field equations (Kerr and normal and phantom Kerr–Newman
black holes), solutions for γ in the vicinity of 1 should exist by continuity.
Those rotating solutions derived in [25–31, 34, 35] on applying our procedure and some other
solutions known in the literature [39] could have been obtained by mere substitution in the generic
rotating solution derived in Refs. [21, 24], which is Eq. (24) of this manuscript. Some authors were
fair in citing our original work consisting in dropping the complexification of the radial coordinate
r [21, 24]. Some other authors have failed to do that [27, 34, 35]; they have borrowed many steps
and equations from our original idea of generating rotating solutions [21, 24] without, however,
citing the sources. Said otherwise, using different notations they have just repeated “previously
obtained results without giving proper references” [40] and with no inferred novelty. Another
important point to note is that most workers, if not all, avoid elaborating on the choice of the
function H = h+a2 cos2 θ (27). We have shown here, as we did in Refs. [21, 24], that such a choice
is always possible if f = g and yields a physically acceptable solution where Grθ ≡ 0 with Gµν
being the Einstein tensor.
In the following section we discuss some significant properties of the RPBH.
IV. PHYSICAL AND GEOMETRICAL PROPERITES OF THE ROTATING NORMAL
AND PHANTOM EMD BLACK HOLE
a. Horizons. The horizon of a black hole is defined by the requirement grr = 0). As is
well known, the Kerr–Newman geometry has two horizons if M2 > a2 + q2, a naked singularity
if M2 < a2 + q2, or an extremal black hole with two merging horizons if M2 = a2 + q2. For the
RPBH case the radii of the horizons depend not only on the mass M , angular momentum a, and
charge q of the black hole; rather they also depend on the coupling parameters η2 and γ (5). From
9the metric (28) we have
grr = −H
∆
. (31)
The above term is singular when ∆ = 0, this yields
r2 − (r1 + r2) r + r1r2 + a2 = 0.
The solutions of this equation gives the radii r+ > r− of the horizons by
r± =
(r1 + r2)±
√
(r1 − r2)2 − 4a2
2
, (32)
which are independent of θ. This property is not valid only for (28); rather, it applies to all rotating
metrics (24) for all f , g, h, and H. Here r1 and r2 depend on M , q
2, η2, and γ (6, 7).
For the case of the normal (η2 = +1) or phantom (η2 = −1) Kerr–Newman black hole (γ = 1),
Eq. 32 reduces to the well-known expression
rKN± = M ±
√
M2 − η2q2 − a2. (33)
b. Ergosurfaces. The the inner and outer ergo-surfaces are the two-dimensional surfaces
gtt = 0 yielding
r2 − (r1 + r2)r + r1r2 + a2 cos2 θ = 0.
The roots of this equation are as follows
re± =
1
2
[
(r1 + r2)±
√
(r1 − r2)2 − 4a2 cos2 θ
]
. (34)
Note that for θ = 0 or pi the ergo-surfaces coincide with the event horizons. This property is not
valid only for (28); rather, it applies to all rotating metrics (24) for all f , g, h, and H.
Figures (1), (2) and (3) show the behavior of the outer horizon and outer ergosphere for different
values of the parameters. We can deduce from here that the shape of the outer horizon and outer
ergosphere changes with a. As a→ 0 the horizon and ergosphere will coincide with the horizon of
static EMD black hole.
c. Singularities. Mathematically, the singularity in a black hole solution can be interpreted
from analyzing the Kretschmann scalar K. This scalar, when tends to infinity, indicates the
presence of curvature singularity inside the black hole. For our metric the Kretschmann scalar is
K = RµνρςRµνρς = Q
H6
=
Q
(h+ a2 cos2 θ)6
=
Q(
r1+γ(r − r2)1−γ + a2 cos2 θ
)6 . (35)
10
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FIG. 1. Shapes of the outer horizon (red) and outer ergo-sphere (blue). The black circle is the horizon of the
phantom static black hole corresponding to a = 0.
where Q is a sizable function of (r, cos θ) which, depending on the value of γ, may vanish if we set
h = 0 and cos2 θ = 0.
For the case γ = 0 we have
K =
Q
(r2 − r2r + a2 cos2 θ)6
, (36)
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FIG. 2. Shapes of the outer horizon (red) and outer ergo-sphere (blue). The black circle is the horizon of the
phantom static black hole corresponding to a = 0.
where r1 and r2 are given by (7). We may distinguish three cases: (1) the cosh solutions (11)
corresponding to η2 = −1 (always charged), (2) the sinh solutions (12) corresponding to η2 = +1
(always charged), and (3) the uncharged solutions. In Ref [12] it was shown that r = 0 is a
singularity for the cosh static solutions and r = r2 is a singularity for the sinh static solutions
(because of the order relation (9), r = 0 is behind the singularity at r = r2 and thus is exluded
12
-2 -1 0 1 2
-1.5
-1.0
-0.5
0.0
0.5
1.0
1.5
FIG. 3. Solid line shows the outer horizon and ergosphere for a phantom Kerr–Newman black hole while dashed
lines show the outer horizon and ergosphere for normal Kerr–Newman black hole.
from the spacetime of the solution). For the rotating cosh solutions we have
lim
r→0
K → q
8(a4 + 27q4 − 10a2q2)
a12M4 cos12 θ
, (37)
which diverges as θ → pi/2. For the rotating sinh solutions we have
lim
r→r2
K → q
8
a8M4 cos12 θ
, (38)
which also diverges as θ → pi/2. Thus, we conclude that the Kretschman scalar (36) has a generic
(for all M , q, and a) singularity located at:
• r = 0 and θ = pi/2, for the cosh solutions corresponding to η2 = −1,
• r = r2 and θ = pi/2, for the sinh solutions corresponding to η2 = +1.
These conclusions concern only the case γ = 0.
For the rotating uncharged solutions q = 0 we have r2 = 0 (6). In this case f (3) and h (4) no
longer depend on γ and they reduce to their Schwarzschild forms and the rotating solution reduces
to the Kerr black hole with
K =
48M2(r6 − 15a2r4 cos2 θ + 15a4r2 cos4 θ − a6 cos6 θ)
(r2 + a2 cos2 θ)6
, (for all γ), (39)
13
and this goes to infinity as r → 0 and θ → pi/2. Thus, for all γ and q = 0 the Kretschman
scalar (36) has a generic (for all M , a, and γ) singularity located at:
• r = 0 and θ = pi/2, for the uncharged solutions.
d. Area and Entropy. The area of the horizon r+ for the RPBH is given by
A =
∫ 2pi
0
∫ pi
0
√
gθθgφφ
∣∣∣
r=r+
dθdφ = 4pi
(
r1+γ+ (r+ − r2)1−γ + a2
)
.
The entropy is then given by
S =
A
4
= pi
(
r1+γ+ (r+ − r2)1−γ + a2
)
.
For a = 0, the area and entropy of our black hole solution matches with its static version [? ]. For
γ = 1 and q = 0 we recover the area and entropy expressions of the Kerr black hole.
V. EQUATORIAL GEODESICS
We intend to compute the null and timelike geodesics in the equatorial plane for our black hole
solution. With the assumption that θ = pi/2 and θ˙ = 0, the Lagrangian for the metric (28) takes
the form
2L =
(
1− σ
h
)
t˙2 − h
∆
r˙2 +
2aσ
h
t˙φ˙−
(
h+ a2 +
a2σ
h
)
φ˙2,
2L = f t˙2 − h
∆
r˙2 + 2a(1− f)t˙φ˙−
(
h+ a2(2− f)
)
φ˙2, (40)
where we used σ/h = 1− f (30). From this Lagrangian, the generalized momenta are computed as
pt = f t˙+ a(1− f)φ˙ = E, (41)
pφ = a(1− f)t˙−
(
h+ a2(2− f)
)
φ˙ = −L, (42)
pr = − h
∆
r˙. (43)
where a dot denotes differentiation with respect to the affine parameter τ . Note that the Lagrangian
does not dependent on t and φ which yields the conservation of pt and pφ. This also depicts the
stationary and axisymmetric nature of our metric.
The Hamiltonian is given by
H = ptt˙+ prr˙ + pφφ˙− L. (44)
14
It reduces to
2H = f t˙2 + 2a(1− f)t˙φ˙−
(
h+ a2(2− f)
)
φ˙2 − h
∆
r˙2, (45)
2H = Et˙− Lφ˙− h
∆
r˙2 = δ = constant, (46)
t˙ =
1
∆
[(
h+ a2(2− f)
)
E − a(1− f)L
]
, (47)
φ˙ =
1
∆
[a(1− f)E + fL] . (48)
Inserting Eq. (47) and Eq. (48) in Eq. (46), we obtain
hr˙2 = hE2 + (1− f) (aE − L)2 + (a2E2 − L2)− δ∆, (49)
which reduces to Eqs. (53)-(54) of Ref. [21] in the case h = r2.
The separability of the Hamilton–Jacobi equation for neutral particles (for all θ and h = r2)
has been performed in Ref. [21] [see Eqs. (44)-(54) of Ref. [21]].
A. Null geodesics
We can investigate the null geodesics of the RPBH on letting δ = 0. The radial equation (49)
thus takes the form
hr˙2 = hE2 + (1− f) (aE − L)2 + (a2E2 − L2). (50)
Let D = L/E be the impact parameter. Two cases may arise here: either D = a or D 6= a. The
former case is a particular case. To analyze it, let us consider L = aE in Eqs. (47), (48) and (50),
we then obtain
t˙ =
h+ a2
∆
E, (51)
φ˙ =
aE
∆
, (52)
r˙ = ±E. (53)
Note that on the horizon (∆ = 0), t˙ and φ˙ are singular, which means that the t and φ coordinates
are unable to portray the trajectory of photons with respect to a co-moving observer [41]. In
Eq. (53), the plus/minus sign indicates outgoing/ingoing photons.
15
Now if we only consider the outgoing photons (r˙ = +E) then the differentials of t and φ with
respect to r are computed as
dt
dr
=
h+ a2
∆
, (54)
dφ
dr
=
a
∆
, (55)
leading to the solutions
t =
∫
r1+γ(r − r2)1−γ
(r − r+)(r − r−)dr +
a2
(r − r−) ln
∣∣∣∣r − r+r − r−
∣∣∣∣, (56)
φ =
a
r+ − r−
[
ln
∣∣∣∣ rr+ − 1
∣∣∣∣− ln ∣∣∣∣ rr− − 1
∣∣∣∣
]
. (57)
In the same way, choosing r˙ = −E will lead to solutions for incoming photons, which are obtained
from the above equations upon replacing t by −t and φ by −φ.
When D 6= a we may obtain circular orbits for photons. To investigate this case consider an
impact parameter D = Dc = Lc/Ec, where ‘c’ stands for circular orbit. For such orbits we have
r = rc and r˙ = 0. Thus the radial equation and its derivative are
hc + (1− fc) (a−Dc)2 +
(
a2 −D2c
)
= 0 (58)
and
h′c − f ′c(a−Dc)2 = 0 (59)
where h′c denotes h′
∣∣
r=rc
and we attach the same meaning to f ′c and to further similar notation.
This yields
(a−Dc)2 = h
′
c
f ′c
, (60)
Dc =
√
h′c
f ′c
∓ a, (61)
where in the second line a ≥ 0 and throughout this paper the upper/lower sign corresponds to
retrograde/prograde orbits1. Substituting (60) into (58) we obtain
D2c = hc + (1− fc)
h′c
f ′c
+ a2. (62)
1 If only one sign appears in front of a, as in (58), then for retrograde orbits a is negative and for prograde orbits a
is positive. Now, if two signs appear in front of a as in (61), then the upper sign is for retrograde orbits and the
lower sign is for prograde orbits with a ≥ 0.
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Now, squaring (61) and eliminating D2c from (62) we arrive at the constraint equation
1− (lnh)
′
c
(ln f)′c
= ∓2a
hc
√
h′c
f ′c
. (63)
Equation (63) is easily brought to
1− (lnh)
′
c
(ln f)′c
= ∓ 2a√
fchc
√
(lnh)′c
(ln f)′c
. (64)
This is valid for all forms of f(r) and h(r). The largest real positive root is the radius rph of the
unstable photon circular orbit.
For our RPBH solution (2), fh = (r − r1)(r − r2) is independent of γ and Eq. (64) takes the
form
2r2 − [6M + (1− γ)r2]r + 4η2q2 = ±2a
√
(2Mr − 2η2q2)[2r − (1 + γ)r2]
r − r2 , (65)
where we have omitted the subscript ‘c’. Here we have used (6): r1 + γr2 = 2M and (1 + γ)r1r2 =
2η2q
2. Note that the photon circular orbit exists only if
r2f ′h′ =
(2Mr − 2η2q2)[2r − (1 + γ)r2]
r − r2 ≥ 0 and r ≥ r+, (66)
where r+ is given by (32). This is the same as h
′/f ′ ≥ 0 (60) and r ≥ r+.
We can already draw the following conclusion: All the uncharged rotating normal or phantom
black holes [q = 0⇒ r2 = 0 (6)] have the same photon circular orbit for all values of γ. This is the
case because the metric of uncharged RPBHs reduces to the Kerr metric (in Sec. IV 0 c we have
noticed that f (3) and h (4) no longer depend on γ once we take r2 = 0 and they reduce to their
Schwarzschild forms). Now, setting q = 0, Eq. (65) reduces to its coreesponding Kerr equation
(r − 3M)√r = ±2a
√
M. (67)
This can be solved on setting
√
r = x and using the Weierstrass polynomial as shown in Appendix
A of Ref. [42]. Its largest real root is given by [23, 43]
rph = 2M
{
1 + cos
[2
3
arccos
(
± a
M
)]}
. (68)
In the charged case rph is a function of (M, q
2, a, sgn(a), γ, η2). Eq. (65) can be brought to
an algebraic equation of the form r5 + · · · = 0 upon squaring both sides. The latter is solved
with the constraint 2r2 − [6M + (1 − γ)r2]r + 4η2q2 > 0 for retrograde orbits and the constraint
2r2 − [6M + (1− γ)r2]r + 4η2q2 < 0 for prograde orbits. Since the largest root of the equation,
2r2 − [6M + (1− γ)r2]r + 4η2q2 = 0, (69)
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FIG. 4. Photon circular orbit rph/M versus a/M for η2 = +1. Each plot has a ‘V’ form where the left branch
corresponds to prograde orbits and the right branch corresponds to retrograde orbits (with larger values of rph). The
extremal RPBH corresponds to aext = (r1 − r2)/2 (32), the value of which is generally different from M except for
the uncharged solutions. For a = aext, rph has its minimum value, (r1 + r2)/2, which depends on the parameters of
the nonrotating BH. Similarly, the value of rph for a = 0 depends on the parameters of the BH.
Left Plot (q2 < M2): Black Plot – Uncharged RPBHs including the Kerr solution, Red Plot – q2/M2 = 0.25 and
γ = 1 (Kerr–Newman), Blue Plot – q2/M2 = 0.25 and γ = −2, Magenta Plot – q2/M2 = 0.25 and γ = 0.
Right Plot (q2 > M2): q2/M2 = 1.44 and γ = 0. Here aext = 0.28M and the minimum rph is 1.72M .
provides the photon circular orbit for static (nonrotating) solutions by
rstatic =
6M + (1− γ)r2 +
√
[6M + (1− γ)r2]2 − 32η2q2
4
, (70)
we see that the photon circular orbit for retrograde orbits must be greater than rstatic and the
photon circular orbit for prograde orbits must be smaller than rstatic.
For some special values of γ, Eq. (65) can be brought to more simplified expression as is the
case for γ = 0:
X4 + (η2q
2 − 6M2)X2 ∓ 4
√
2aM2X + 2η2M
2q2 = 0, (71)
where 2Mrph = X
2 + η2q
2 (X ≡
√
2Mr − η2q2).
In Figs. 4 and 5 we depict plots of the photon circular orbit rph/M versus a/M for η2 = +1
and η2 = −1. Each plot has a ‘V’ form where the left branch corresponds to prograde orbits and
the right branch corresponds to retrograde orbits (with larger values of rph). The extremal RPBH
corresponds to aext = (r1 − r2)/2 (32), the value of which is generally different from M except
for the uncharged solutions. For a = aext, rph has its minimum value, (r1 + r2)/2, which depends
on the parameters of the nonrotating BH. Similarly, the value of rph for a = 0 depends on the
parameters of the BH.
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FIG. 5. Photon circular orbit rph/M versus a/M for η2 = −1. Each plot has a ‘V’ form where the left branch
corresponds to prograde orbits and the right branch corresponds to retrograde orbits (with larger values of rph). The
extremal RPBH corresponds to aext = (r1 − r2)/2 (32), the value of which is generally different from M except for
the uncharged solutions. For a = aext, rph has its minimum value, (r1 + r2)/2, which depends on the parameters of
the nonrotating BH. Similarly, the value of rph for a = 0 depends on the parameters of the BH.
Left Plot (q2 < M2): Black Plot – Uncharged RPBHs including the Kerr solution, Red Plot – q2/M2 = 0.25 and
γ = 1 (phantom Kerr–Newman), Blue Plot – q2/M2 = 0.25 and γ = −2, Magenta Plot – q2/M2 = 0.25 and γ = 0.
Right Plot (q2 > M2): q2/M2 = 1.44 and γ = 0. Here aext = 1.72M and the minimum rph is 0.28M .
B. Time-like geodesics
For the time-like geodesics we consider δ = 1. Equations for φ˙ and t˙ remain the same but the
radial equation (49) becomes
hr˙2 = hE2 + (1− f) (aE − L)2 + (a2E2 − L2)−∆. (72)
For the case L = aE, the above equation reduces to
r˙ = ±
√
E2 − ∆
h
= ±
√
1
h
[(hE2 − r2) + (r1 + r2)r − r1r2 − a2] , (73)
where +(−) sign stand for outgoing (ingoing) motion and (29) has been used. The t(r) ans φ(r)
functions (for the outgoing geodesics) are derived using Eqs. (51), (52), and (73)
dr
dt
=
∆
h+ a2
√
1− ∆
E2h
, (74)
dr
dφ
=
∆
a
√
1− ∆
E2h
. (75)
These equations are numerically solved and plotted in Fig. (6) for different values of η1 (5) and η2.
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FIG. 6. r versus t and r versus φ time-like geodesics for L = aE, E = 1, M = 1, q = 1/2, a = 0.82 and different
values of γ. The blue line corresponds to η2 = +1 and the red line corresponds to η2 = −1. The initial conditions
are: r(t = 0) = 2.5 > r+ (32) and r(φ = 0) = 2.5 > r+.
For the general case L 6= aE Eq. (47), Eq. (48) and Eq. (72) are written as
t˙ =
1
∆
[(
h+ a2
)
E + a(1− f) (aE − L)] , (76)
φ˙ =
1
∆
[(1− f) (aE − L) + L] , (77)
r˙ = ±
√
1
h
[
hE2 + (1− f) (aE − L)2 + (a2E2 − L2)−∆
]
, (78)
yielding (for the outgoing geodesics)
dr
dt
=
(∆/
√
h)
(h+ a2)E + a(1− f) (aE − L)
√
hE2 + (1− f) (aE − L)2 + (a2E2 − L2)−∆, (79)
dr
dφ
=
(∆/
√
h)
(1− f) (aE − L) + L
√
hE2 + (1− f) (aE − L)2 + (a2E2 − L2)−∆. (80)
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We have solved numerically these two equations and we have found that their plots are very similar
to the plots shown in Fig. (6).
In this case (L 6= aE) we may have circular time-like orbits. In order to derive them we
proceeded as in Eqs. (58) and (59). The rhs of (72) and its derivative with respect to r must
vanish, this yields the following equation (we omit the subscript ‘c’):
E2h−∆ + E2u2(1− f) + E2(2a− u)u = 0, (81)
E2h′ −∆′ − E2u2f ′ = 0, (82)
where u ≡ a−D. These equations provides the values of the energy and angular momentum for a
given radius by
u =
a(hf ′ + fh′)− (a2 + fh)√f ′h′
f2h′ − a2f ′ ,
E =
(
f3(h′)2 − a2h(f ′)2 − f ′[f(3a2 + fh)h′ + 2a(a2 + fh)√f ′h′]
(fh′ − f ′h+ 2a√f ′h′)(fh′ − f ′h− 2a√f ′h′)
)1/2
, (83)
L = E(a− u), (84)
where we have used ∆ = fh+ a2 (29). Notice that the existence of circular orbits is subject to the
same constraint (66). Another constraint is that E must be real.
For all uncharged RPBH, Eqs (83) and (84) reduce to their known Kerr expressions
E =
√
r(r − 2M)∓ a√M√
r3 − 3Mr2 ∓ 2ar√Mr
, L =
√
M(a2 + r2 ± 2a√Mr)√
r3 − 3Mr2 ∓ 2ar√Mr
. (85)
To determine the last stable circular orbit (lsco) for time-like circular orbits, corresponding to the
minimum of E, we have to differentiate the expression of E(r) (83) and set ∂rE = 0 to obtain the
value of rlsco. However, the expression of ∂rE is sizable if q 6= 0 even if we restrict ourselves to
some specific values of the parameters. For the uncharged RPBH (q = 0), rlsco is solution to the
following quartic equation, which is the corresponding equation for the Kerr solution [23],
r2 − 6Mr ∓ 8a
√
Mr − 3a2 = 0. (86)
For charged RPBHs we restrict ourselves to the case γ = 0, which corresponds to η1 = +1 (5)
and
f = 1− 2M
r
, h = r2 − η2q
2
M
r,
and solve numerically the equation ∂rE = 0 for the values of r that minimize E. This yields the
four plots shown in Fig. 7 where the black plots correspond to normal BHs (η2 = +1) and the
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magenta plots correspond to phantom BHs (η2 = −1). It is clear from these plots that the spatial
extent of a and rlsco (in both directions) is much larger for the phantom case (magenta plots).
While for q2 < M2 the plots for η2 = +1 and η2 = −1 overlap, in the case q2 > M2 they may not
overlap as shown in the right plot of Fig. 7.
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FIG. 7. Last stable circular orbit rlsco/M (the so-called innermost stable circular orbit) versus a/M for normal BHs
η2 = +1 (black plots) and phantom BHs η2 = −1 (magenta plots). Each plot has a ‘V’ form where the left branch
corresponds to prograde orbits and the right branch corresponds to retrograde orbits (with larger values of rlsco). In
each plot a/M runs from 0 to its upper limit aext/M = (r1 − r2)/(2M) (32).
Left Plot (q2 < M2): q2/M2 = 0.25 and γ = 0. The upper limits of a/M are 0.87 for η2 = +1 and 1.12 for η2 = −1.
Right Plot (q2 > M2): q2/M2 = 1.44 and γ = 0. The upper limits of a/M are 0.28 for η2 = +1 and 1.74 for η2 = −1.
C. Effective potential
In this section we investigate the stability of the circular motion. For that end we rewrite the
radial equation (49) in the form
E2 − 1
2
=
r˙2
2
+ Veff,
where Veff stands for the effective potential. For the metric 28 the effective potential is given by
Veff = −1− f
2h
(L− aE)2 −
(
a2E2 − L2)− δ∆
2h
− 1
2
, (L 6= aE), (87)
where δ = 0 for null geodesics and δ = 1 for time like geodesics. Recall that circular orbits exist
for L 6= aE only. The conditions for having a circular orbit at r = ro are: r˙ = 0 and r¨ = 0 at
r = ro. Alternatively we can say that
Veff
∣∣
r=ro
=
E2 − 1
2
and
dVeff
dr
∣∣∣
r=ro
= 0. (88)
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FIG. 8. Null geodesics: Plots of the effective potential versus r for γ = 0 and L 6= aE. Solid (Dashed) lines
correspond to L > 0 (L < 0). Black (Magenta) lines correspond to M2 < q2 (M2 > q2).
To ensure that the circular orbit is stable, the value (E2−1)/2 must be a minimum of the effective
potential i.e.
d2Veff
dr2
∣∣∣
r=ro
> 0. (89)
In Figure(8), the r-variation of the effective potential (87) for null-geodesics (δ = 0) is depicted.
We notice that the effective potential has only local maxima for fixed E and different values of
the angular momentum L. The unstable circular orbits exist at the local maxima of the effective
potential. The same result is observed for photons orbits around the Schwarzschild and Kerr black
holes.
In Figure (9), the effective potential (87) for time-like geodesics (δ = 1) is plotted for various
values of L ( 6= aE). The local minima, which give the radii of stable circular orbits, are shown by
red dots.
VI. LENSE–THIRRING PRECESSION
Another characteristic feature worth studying is Lense–Thirring precession, which has its im-
portance not only in Theory of General Relativity but also in Astrophysics. Due to non-static
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FIG. 9. Time-like geodesics: Plots of the effective potential versus r for γ = 10 and L 6= aE. The left panel
corresponds to L > 0 and the right panel corresponds to L < 0. Radii of stable circular orbits are shown by red dots.
stationary distribution of mass-energy, rotation of spacetime for instance, Einstein’s theory of gen-
eral relativity predicts frame dragging effects, also widely known as Lense-Thirring effect. This
effect suggests that a massive object, if rotating, will cause the spacetime to distort which will
further result in the precession of the orbit of a nearby particle. The precession frequency due to
this rotation is known as Lense–Thirring precession frequency [44] and its co-vector is given by
[45, 46]
Ω˜LT =
εijl
2
√−g
[
gti,j
(
∂l − gtl
gtt
∂t
)
− gti
gtt
gtt,j∂l
]
, (90)
where εijl is the Levi–Civita symbols (εrθφ = +1) and −g = H2 sin2 θ is the determinant of the
metric gµν . Here the summation is over the spatial coordinates (i, j, l). The above expression
suggests that the Lense–Thirring precession will not occur for the case when gti = 0 i.e. for static
black holes. We have already discussed that ergosurfaces exist when gtt = 0. Notice that (90) is
divergent at gtt = 0 which indicates that the phenomenon of Lense–Thirring precession occurs only
outside the ergoregion of the black hole.
For stationary axisymmetic spacetime the corresponding vector field with coordinates (t, r, θ, φ),
is given by
~ΩLT =
1
2
√−g
[
−√−grr
(
gtφ,θ − gtφ
gtt
gtt,θ
)
rˆ +
√−gθθ
(
gtφ,r − gtφ
gtt
gtt,r
)
θˆ
]
,
where rˆ and θˆ are basic vectors along r and θ directions. Using the metric coefficients we arrive at
~ΩLT = − a
2 (H)3/2
(
∆− a2 sin2 θ)
[
2σ
√
∆ cos θ rˆ + sin θ (Hσ,r − σH,r) θˆ
]
, (91)
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FIG. 10. Comparison between magnitude of spin precession frequency ΩLT of normal and Phantom Kerr–Newman
black holes.
which is defined for ∆ > 0 only. The magnitude of the Lense–Thirring precession frequency is thus
computed as
ΩLT =
a
2(H)3/2(∆− a2 sin2 θ)
√
4σ2∆ cos2 θ + sin2 θ (Hσ,r − σH,r)2. (92)
It is understood that this is evaluated for ∆ > a2 sin2 θ ≥ 0, that is, outside the ergoregion where
gtt ∝ ∆− a2 sin2 θ = fh+ a2 cos2 θ = H − σ > 0.
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FIG. 11. Magnitude of the spin precession frequency ΩLT versus r for M = 1, q = 1/2, a = 0.7, θ = pi/4, and
different values of γ and η2. The blue plots correspond to γ = 0, the red plots to γ = 0.5, the black plots to normal
and phantom Kerr–Newman black holes (γ = 1), the magenta plots to γ = 1.5, and the green plots to γ = 2.
For γ = 1 and q = 0 the Lense–Thirring precession frequency for Kerr black hole is successfully
recovered [46]. For γ = 1, η2 = 1 and q 6= 0, the precession frequency for Kerr–Newman black
hole is obtained [47]. A graphical presentation of the comparison between magnitudes of the
precession frequency of normal Kerr–Newman and phantom Kerr–Newman black holes is provided
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in Fig. (10), where it is shown that the presence of phantom parameter η2 (= −1) enhances the
Lense–Thirring effect of the black hole. For the set of parameters used in Fig. (10) the precession
frequency ΩLT shows divergence at r ≈ 2.0025, for phantom Kerr–Newman black hole, while for
normal Kerr–Newman case it diverges at r ≈ 1.71063, this is because, generally, the ergoregion
for phantom black holes contains the ergoregion for normal black holes as shown in Fig. 3. The
fact that the passage from a normal case (η2 = +1) to a phantom case (η2 = −1) enhances the
Lense–Thirring effect, as emphasized in Fig. 11, remains true for all γ > 0. For γ = 0 the behavior
is quite different; rather, it is the passage from the phantom case to the normal one that enhances
the effect. From the same figure we see that ΩLT decreases with γ ≥ 0 if η2 = +1 and it increases
if η2 = −1.
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FIG. 12. Magnitude of the spin precession frequency ΩLT versus r for M = 1, γ = 0, a = 0.7, θ = pi/4, and different
values of q and η2. The blue plots correspond to q = 0.1, the red plots to q = 0.3, the black plots to q = 0.7, the
magenta plots to q = 1, and the green plots to q = 1.2.
It is also obvious from Figs. 12 and 13, where γ = 0, that the Lense–Thirring effect is more
enhanced for η2 = +1 if one fixes all the parameters but the charge as in Fig. 12 or one fixes all
the parameters but the rotation parameter as in Fig. 13. Again this concerns only the case γ = 0;
for γ = 1 the effect is rather enhanced for η2 = −1 if one fixes the other parameters except the
charge (not shown) or one fixes the other parameters except the rotation parameter (not shown).
A common feature is that the effect is enhanced with rotation whatever the value of the param-
eters are. In fact, the Lense–Thirring effects are actually due to rotation of central object, this is
also verified for RPBH, as seen in Fig. 13, as the rotational parameter a increases, the magnitude
of precession frequency also increases. Further, the precession also depends on the direction along
which the gyroscope is attached to the moving observer. At the equator (i.e. θ = pi/2), the frame
dragging effect is maximum and it declines as the observer moves towards the pole. We have
checked that ΩLT increases with θ as the latter runs from 0 to pi/2 and it assumes its maximum
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value for θ = pi/2 (not shown).
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FIG. 13. Magnitude of the spin precession frequency ΩLT versus r for M = 1, γ = 0, q = 1/2, θ = pi/4, and different
values of a and η2. The blue plots correspond to a = 0.2, the red plots to a = 0.5, the black plots to a = 0.8, the
magenta plots to a = 1, and the green plots to a = 1.2.
VII. DISCUSSION
We have formulated and discussed the properties of rotating normal and phantom black holes
of EMD theory, which, upon taking appropriate limits, reduce to the Kerr and Kerr–Newman
solutions.
The presence of a phantom electromagnetic field (η2 = −1) and/or phantom scalar field [η1 = −1
⇔ γ ∈ (−∞,−1) ∪ [1,∞)] affects greatly the motion of photons and massive particles. Circular
motion and the determination of isco and lsco are among the first tasks workers perform for purposes
of astrophysical applications to accretion disks (see [23, 43, 48–55] and references terein). From
this point of view we noticded that the presence of phantom fields may widen, in the ra-plane, the
set of existence of stable circular orbits; in some other cases this same set is much restricted. We
have shown that the effective potential and the Lense–Thirring precession frequency are greatly
enhanced for some values of the phantom parameters.
The rotating solution derived in this work could have been obtained by mere substitution in
the generic rotating solution derived in Refs. [21, 24]. Because of the importance of the procedure,
which has known some applications [25–35], we have outlined it in a way slightly different from
the presentation given in Refs. [21, 24], in order to emphasize some arguments related with the
determination of the still free three functions resulting from the transformation from Eddington–
Finkelstein coordinates to Boyer–Lindquist coordinates. Further arguments are given in the last
27
but one paragraph of Sec. III.
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